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Important GA Operations 
 Encoding

 Fitness evaluation and Selection

Mating pool

Crossover

• Mutation

• Inversion

• Convergence test
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Crossover techniques in Real coded GA

Following are the few well known crossover techniques for the 
real-coded GAs. 

• Linear crossover

• Blend crossover

• Binary simulated crossover 
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Linear crossover in Real-coded GAs
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Linear crossover: An example
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Advantages and limitations
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Blend crossover in Real-coded GAs

Debasis Samanta
CSE

IIT Kharagpur



11

Blend crossover in Real-coded GAs
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Blend crossover : An example
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Advantages and limitations
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Binary Simulated Crossover in Real GA 
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Simulated binary crossover in Real-coded GAs
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Simulated binary crossover in Real-coded GAs
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Simulated Binary Crossover
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Simulated binary crossover in Real-coded GAs
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Simulated binary crossover in Real-coded GAs
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Advantages
Advantages

• We can generate a large number of offspring from two parents.

• More explorations with diverse offspring.

• Results are accurate and usually terminated with global optima.

• Termination with a less number of iterations.

• Crossover techniques are independent of the length of the
chromosome.
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Advantages and limitations

Limitations

• Computationally expensive compared to binary crossover.

• If proper values of parameters involved in the crossover
techniques are not chosen judiciously, then it may lead to
premature convergence with not necessarily optimum
solutions.
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Important GA Operations 
 Encoding

 Fitness evaluation and Selection

Mating pool

Crossover

• Mutation

• Inversion

• Convergence test
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Crossover techniques in order GA
• Any binary crossover techniques are not applicable to Order 

coded GAs. 

Example: 
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Crossover techniques in order GA

• Since, sequence of gene values are important, Real-coded
crossover techniques, which are to produce real number from
two given real numbers are also not applicable to Order-coded
GAs.

Debasis Samanta
CSE

IIT Kharagpur



6

Crossover techniques in order GA
Some important crossover techniques in Order-coded GAs are:

• Single-point order crossover
• Two-point order crossover
• Precedence-preservation crossover (PPX)
• Position based crossover
• Edge recombination crossover
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Crossover techniques in order GA
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Single Point Crossover in Order GAs 
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Single point order crossover
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Single point order crossover: Illustration
Example : 
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Two Point Crossover in Order GAs 
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Two-point order crossover
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Two-point order crossover: Illustration
Example : 
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Precedence preservation order crossover
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Precedence preservation order crossover
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Precedence preservation order crossover: Example 

Note : We can create another offspring following the alternative rule for 1 and 2. 
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Position-based order crossover
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Position-based order crossover : Example
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Edge Recombination Order Crossover
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Edge recombination order crossover

• This crossover technique is used to solve TSP problem when the
cities are not completely connected to each other.

• In this technique, an edge table which contains the adjacency
information (but not the order).

• In other words, edge table provides connectivity information.
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Edge recombination order crossover: Illustration
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Edge recombination order crossover: Illustration
Connectivity graph: 
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Edge recombination order crossover: Illustration
Edge table for the connectivity graph: 

Debasis Samanta
CSE

IIT Kharagpur



26

Edge recombination order crossover: Illustration
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Edge recombination order crossover: Illustration
Edge table for the connectivity graph: 
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Important GA Operations
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 Encoding

 Fitness Evaluation and Selection

 Mating pool

Reproduction

 Crossover

• Mutation

• Inversion

Convergence test
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This lecture includes ...
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1) Encoding

2) Fitness evaluation and Selection

3) Mating pool

4) Crossover

5) Mutation

6) Inversion

7) Convergence test

8) Fitness scaling
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Mutation Operation
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1) In genetic algorithm, the mutation is a genetic operator used to maintain 
genetic diversity from one generation of a population (of chromosomes) to the 
next.

2) It is analogues to biological mutation.
3) In GA, the concept of biological mutation is modelled artificially to bring a local 

change over the current solutions.

Mutation in Natural Biological 
Process

Selection

Evolution
Local optima

Global optima

Mutation in Genetic Algorithm
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Mutation Operation in GAs
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Like different crossover techniques in different GAs there are many variations in
mutation operations.

1) Binary Coded GA :
• Flipping
• Interchanging
• Reversing

2) Real Coded GA :
• Random mutation
• Polynomial mutation

3) Order GA :
4) Tree-encoded GA :
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Mutation Operation in Binary coded GA
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Mutation in Binary-coded GA : Flipping
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1 0 1 1 0 0 1 0

offspring

1 0 0 0 1 0 0 1

Mutation probability

0 0 1 1 1 0 1 1

Mutated offspring
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Binary-coded GA : Interchanging
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• Two positions of a child’s chromosome are chosen randomly and the bits
corresponding to those position are interchanged.

01

011 0 1 0 1 0

Child chromosome

1 1 1 0 0 1

Mutated chromosome

* *
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Mutation in Binary-coded GA : Reversing
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• A positions is chosen at random and the bit next to that position are reversed
and mutated child is produced.

11

010 1 0 0 1 1

0 1 0 0 1 1

Mutated chromosome

*

Child chromosome
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Mutation Operation in GAs
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Like different crossover techniques in different Gas, there are many variations in
mutation operations.

• Binary Coded GA 
Flipping
Interchanging
Reversing

• Real-coded GA 
Random mutation
Polynomial mutation

• Order GA 

• Tree-encoded GA 
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Mutation in Real-coded GA : Random mutation
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Mutation in Real-coded GA : Polynomial mutation
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Mutation in Real-coded GA : Polynomial mutation
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Revisiting the flow in GA
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Start

Initial Population

Converge ?
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Fitness evaluation & 
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Inversion
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Termination and/or convergence criteria
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Each iteration should be tested with some convergence test. Commonly known
convergence test or termination conditions are :

1) A solution is found that satisfies the objective criteria.

2) Fixed number of generation is executed.

3) Allocated budget (such as computation time) reached.
4) The highest ranking solution fitness is reaching or has reached a plateau such 

that successive iterations no longer produce better result.

5) Manual inspection.

6) Combination of the above.
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Fitness Scaling in GA
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Issue with fitness values
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Now, let us look into another scenario, which is depicted in the following figure.

• Here, the fitness values are with narrower range of values.

• In this case, successive iterations will not show any improvement and hence stuck 
at local optima/premature termination/inaccurate result.

Search space

Fi
tn

es
s 

va
lu

e
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Summary of observations
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It is observed that

• If fitness values are too far apart, then it will select several copies of the good 
individuals and many other worst individual will not be selected at all.

• This will tend to fill the entire population with very similar chromosomes and will 
limit the ability of the GA to explore large amount of the search space.

• If the fitness values are too close to each other, then the GA will tend to select 
one copy of each individual, consequently, it will not be guided by small fitness 
variations and search scope will be reduced.
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Why fitness scaling?
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 As a way out we can think for crossover or mutation (or both) with a higher
fluctuation in the values of design parameter.

 This leads to a chaos in searching.
 May jump from one local optima to other.
 Needs a higher number of iterations.

 As an alternative to the above, we can think for fitness scaling strategy.

Fitness scaling is used to scale the raw fitness values so that the GA sees a
reasonable amount of difference in the scaled fitness values of the best versus worst
individuals.
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Approaches to fitness scaling
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In fact, fitness scaling is a sort of discriminating operation in GA. Few algorithms are
known for fitness scaling:

• Linear scaling
• Sigma scaling
• Power law scaling

Note:
The fitness scaling is useful to avoid premature convergence, and slow finishing.
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Linear scaling
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Linear scaling
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Linear scaling
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Sigma scaling
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Sigma scaling
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Power law scaling
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Multiobjective optimization problem: MOOP
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A formal specification of MOOP
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Illustration: Decision space and objective space
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x3

x1

x2

f2

f1

y
x

Decision Space X Objective Space Y
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A formal specification of MOOP
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Why solving a MOOP is an issue?
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Illustration: Single vs. multiple objectives
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Search space
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Why solving a MOOP is an issue?
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 In fact, majority of the real-world MOOPs are with a set of trade-off optimal

solutions. A set of trade-off optimal solutions is also popularly termed as Pareto

optimal solutions
 In a particular search point, one may be the best whereas other may be the

worst

 Also, sometime MOOPs are with conflicting objectives

 Thus, optimizing an objective means compromising other(s) and vice-versa.
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MOOP: Trade-off and conflicts in solutions
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1

2

3
4 5

M
ax
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 f 2

Minimize f1

Trade-off optimal solution
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Search space

Conflicting objectives

Maximize f2

Minimize f1
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Illustration: ideal solution vs. real solution
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F1    (minimize)

Ideal Situation Real Situation
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GA-based approach to solve MOOPs
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MOEA : Multi Objective Evolutionary Algorithm

 MOEA follows the same reproduction
operation as in GA but follow different
selection procedure and fitness assignment
strategies.

 There are also a number of stochastic
approaches such as Simulated Annealing
(SA), Ant Colony Optimization (ACO),
Particle Swam Optimization (PSO), Tabu
Search (TS) etc. could be used to solve
MOOPs.

start

Initial Population

Natural Selection Reproduction

Solution 
Found ?

stop

No

Yes

Flowchart of evolutionary 
mutiobjective techniques
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MOEA: GA-based approach to solve MOOP
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 There are two board approaches to solve MOOPs with MOEA
 A priori approach (also called preference based approach)

 A posteriori approach (does not require any prior knowledge)

Two major problems must be addressed when a GA is applied to multi-objective
optimization problems.

1) How to accomplish fitness assignment and selection in order to guide the
search toward the optimal solution set?

2) How to maintain a diverse population in order to prevent premature
convergence and achieve a well distributed trade-off front?
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Schematic of a priori MOEA approach
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A MOOP problem
Minimize f1
Minimize f2
. . . . . . . . .
Minimize fm

Higher level 
information

Estimate a 
relative 
importance 
vector W = 
{w1,w2 . . .wm}

Single-objective 
optimization problem  

Subject to S and V

GA to solve 
the problem

Single Optimal 
Solution

Subject to 
constraint S 
with design 
variables V

1

m

i i
i

F w f
=

= ×∑
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Schematic of a posteriori MOEA approach
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A MOOP problem
Minimize f1
Minimize f2
. . . . . . . . .
Minimize fm

Ideal 
Multiobjective 

Optimizer

Multiple Pareto-
optimal 
solutions

Higher level 
Informaiton

Choose one 
solution

Subject to 
constraint S 
with design 
variables V



15

IDEAL multi-objective optimization
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Here, effort have been made in finding the set of trade-off solutions by considering
all objective to be important.

Steps
1) Find multiple trade-off optimal solutions with a wide range of values for

objectives. (Note: here, we do not use any relative preference vector
information). The task here is to find as many different trade-off solutions as
possible.

2) Choose one of the obtained solutions using higher level information (i.e. evaluate
and compare the obtained trade-off solutions)
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Illustration: Higher level information
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Consider the decision making involved in buying an automobile car. Consider two
objectives.

1) minimize Cost

2) maximize Comfort

1

A

B
C 2

40 %

90 %

3 lakhs 20 lakhs
cost

C
on

fo
rt
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Illustration: Higher level information
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 Here, solution 1 and 2 are two extreme cases.

 Between these two extreme solutions, there exist many other solutions, where
trade-off between cost and comfort exist.

 In this case, all such trade-off solutions are optimal solutions to a multi-objective
optimization problem.

 Often, such trade-off solution provides a clear front on an objective space plotted
with the objective values

 This front is called Pareto-optimal front and all such trade-off solutions are called
Pareto-optimal solutions (after the name of Vilfredo Pareto, 1986)
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Choosing a solution with higher level information
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 Knowing the number of solutions that exist in the market with different trade-offs
between cost and comfort, which car does one buy?

 It involves many other considerations

 total finance available to buy the car
 fuel consumption
 depreciation value
 road condition
 physical health of the passengers
 social status
 After sales service, vendor’s reputation, manufacturer’s past history etc.
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Formal specification of MOEA approach
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In the next few slides, we shall discuss the idea of solving MOOPs more precisely.
Before that, let us familiar to few more basic definitions and terminologies.

1) Solutions with multiple-objectives

2) Concept of domination

3) Properties of dominance relation

4) Pareto-optimization
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Solutions with Multiple Objectives
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Ideal objective vector
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Definition 1: Ideal objective vector



5

Ideal objective vector : Physical interpretation
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(A) Ideal objective vector
(B) A good solution vector should 

be as close to ideal solution vector

f1

f2

Z*
1

Z*
2

Z*

Z*

f2

f1

Z*
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Ideal objective vector : Physical interpretation
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Ideal objective vector : Physical interpretation
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Utopian objective vector
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The Utopian objective vector can be formally defined as follows.

Definition 2: Utopian objective vector

Note :
Like the ideal objective vector, the Utopian objective vector also represents a non-
existent solution.
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Utopian objective vector
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Utopian objective vector corresponding to a solution which has an objective value strictly
better than (and not equal to) that of any solution in search space.

f1

f2

Z*

Z**
Utopian objective vector

Ideal objective vector
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Nadir objective vector
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f2
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Znadir
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max,f2

max)
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Nadir objective vector
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Usefulness of Nadir objective vector
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Concept of Domination
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Concept of domination
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Concept of domination
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Definition 3: Domination
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Concept of domination

f1

f2
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Concept of domination

Maximize f1

M
ax

im
iz

e 
f2

Minimize f1

M
in
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 f2
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Concept of domination

Minimize f1

M
ax

im
iz

e 
f2

Maximize f1
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Points to be noted
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Illustration 1
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f1

f2

x1
x2

x3 Minimize f1
Minimize f2

x1  ≤ x2

x1  ≤ x3

x2  ≤ x3

but   x3  ≤ x1

as well as    x3  ≤ x2
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Illustration 2
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f1

f2

x1
x2

x3 Minimize f1
Maximize f2

x1  ≤ x2 or   x2  ≤ x1

x1  ≤ x3 or   x3  ≤ x1

x2  ≤ x3 or   x3  ≤ x2

?

?

?
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Illustration 3
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f1 maximize

1

2

3

4

5
2

4

5

3

1

2 6 10 14 18

f 2
 m

in
im

ize

Here, 1 dominates 2, 5 dominates 1  etc.
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